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REMARKS ON Z-STABLE PROJECTIONLESS C*-ALGEBRAS
LEONEL ROBERT
Abstract. It is shown that Z-stable projectionless C*-algebras have the property
that every element is a limit of products of two nilpotents. This is then used to classify
the approximate unitary equivalence classes of positive elements in such C*-algebras
using traces.
1. Introduction
Let us denote by Z the Jiang-Su C*-algebra ([JS99]). A C*-algebra A is called
Z-stable if A ∼= A ⊗ Z. A theme that has unfolded in the past decade in the field
of “structure and classification of C*-algebras” is how the Z-stable C*-algebras have
good properties that separate them from the “pathological” examples found by Villad-
sen, Rørdam, Toms and others (see [Rør04, BPT08, ET08]). The results of this note
contribute to the study of Z-stable projectionless C*-algebras. Henceforth, the term
“projectionless” is used to designate the C*-algebras none of whose quotients contains
a non-zero projection. We prove the following theorem.
Theorem 1.1. Let A be a Z-stable projectionless C*-algebra. Then for every x ∈ A
there exist nilpotent elements yn, zn, with n = 1, 2, . . . , in the hereditary subalgebra
generated by x, such that ynzn → x.
Theorem 1.1 implies that every element of a Z-stable projectionless C*-algebra can
be approximated by invertible elements of its unitization. This “almost stable rank one”
property has several interesting consequences. It implies, for example, the equivalence
of (i) and (ii) in the following theorem:
Theorem 1.2. Let A be a Z-stable projectionless C*-algebra. Let a, b ∈ A+. The
following are equivalent:
(i) a is Cuntz smaller than b,
(ii) aA →֒ bA as right A-Hilbert C*-modules,
(iii) dτ (a) 6 dτ (b) for all lower semicontinuous 2-quasitraces τ : A+ → [0,∞].
Furthermore, if dτ (a) = dτ(b) for all lower semicontinuous 2-quasitraces τ then aA ∼=
bA as right A-Hilbert C*-modules.
The hypothesis of Z-stability cannot be dropped in Theorem 1.2, even in the simple
nuclear case, as demonstrated in [Tik12]. In [Naw13], Nawata uses Theorem 1.2 in the
investigation of Picard groups of Z-stable projectionless simple C*-algebras.
The classification result from [RS10] is also applicable under the almost stable rank
one property. We thus deduce the following theorem:
1
2 LEONEL ROBERT
Theorem 1.3. Let A be a Z-stable projectionless C*-algebra. Let a, b ∈ A+. The
following are equivalent:
(i) a is approximately unitarily equivalent to b,
(ii) τ(f(a)) = τ(f(b)) for any lower semicontinuous 2-quasitrace τ : A+ → [0,∞] and
all f ∈ C0(0, 1]+.
(iii) dτ ((a− t)+) = dτ((b− t)+) for all t > 0 and all τ as in (ii).
Acknowledgement. I am grateful to Bhishan Jacelon for fruitful conversations on the
subject of this paper.
2. Proof of Theorem 1.1
Let us first introduce some notation. Let A be a C*-algebra. Let us denote by A+
the positive elements of A. We will make use of the Cuntz comparison relations on A+.
If a, b ∈ A+ then we write a - b if d
∗
nbdn → a for some dn ∈ A and a ∼ b if a - b and
b - a.
Let K denote the C*-algebra of compact operators on a separable Hilbert space. The
Cuntz semigroup Cu(A) is defined as the set (A ⊗ K)+/ ∼ endowed with a suitable
order and addition operation (see [APT11]). Given a ∈ (A ⊗ K)+, we shall denote by
[a] ∈ Cu(A) its Cuntz equivalence class.
Lemma 2.1. Let A be a C*-algebra and let x ∈ A be such that there exist e, f ∈ A+
with the properties that ex = xe = x, ef = 0, and f is a full element of A. Then
x⊗ 1 ∈ A⊗Z is the product of two nilpotent elements.
Proof. The relations ex = xe = x imply that x belongs to the Pedersen ideal of A.
Therefore, since f is full, there exist ai, bi ∈ A, with i = 1, 2, . . . , m, such that x =∑m
i=1 aifbi. Multiplying by e on the left and on the right if necessary, we may assume
that fai = bif = 0 for all i.
Let n > 2m. It is possible to find positive elements e1, e2, . . . , en, d ∈ Z such that
(1)
∑n
j=1 ej + d = 1,
(2) the elements e1, e2, · · · , en are pairwise orthogonal,
(3) there exist (wj)
n−1
j=1 in Z such that ej = wjw
∗
j and ej+1 = wjw
∗
j for all j,
(4) [d] 6 [e1] in the Cuntz semigroup Cu(Z) of Z.
(In fact, these elements can be found in the dimensionm drop algebra Zn−1,n, which
embeds in Z; see [Rør04, Lemma 4.2]). Since m[en + d] 6 2m[e1] 6 [1] in Cu(Z), there
exist vi ∈ Z, with i = 1, . . . , m, such that en + d = viv
∗
i for all i and the elements
v∗i vi ∈ Z are pairwise orthogonal for all i. Let us now define α, β, γ, δ ∈ A ⊗ Z as
follows:
α =
m∑
i=1
ajf
1/2 ⊗ vj , β =
m∑
i=1
f 1/2bj ⊗ v
∗
j ,
γ =
n−1∑
j=1
x⊗ wj, δ =
n−1∑
j=1
e⊗ w∗j .
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We have γβ = αδ = 0 (by the orthogonality of e and f). Therefore,
(γ + α)(δ + β) = γδ + αβ
=
n−1∑
j=1
x⊗ ei + (
m∑
i=1
aifbi)⊗ (en + d)
= x⊗ 1.
Let us now show that γ + α and δ + β are nilpotent elements. We have that γn = 0
and α2 = 0 (since fai = 0 for all i), Finally, we have that αγ = 0. Hence, (γ + α)
k =∑k
i=1 γ
iαk−i for all k. Thus, for k = n + 1 we get (γ + α)n+1 = 0. Similarly, δ and β
are nilpotent and δβ = 0. Thus, δ + β is nilpotent. 
Proof of Theorem 1.1. Let us identify A with A⊗Z. Every element of A⊗Z is approx-
imately unitarily equivalent to one of the form x⊗1 (see the proof of [BPT08, Theorem
5.5]). Thus, it suffices to assume that the given element has the form x ⊗ 1. Set
x∗x+ xx∗ = a. Since the property of being projectionless passes to hereditary subalge-
bras, we may assume that a generates A as a hereditary suablgebra (i.e., a is strictly
positive). Let us choose an approximate unit en ∈ C
∗(a) of A such that en+1en = en for
all n ∈ N. Let us set enxen = xn. Since xn → x, it suffices to show that xn ⊗ 1 is the
product of two nilpotents for all n ∈ N. Let fn ∈ C
∗(a)+ be such that enfn = 0 and
δna 6 en+1+fn for some scalar δn > 0 and all n. The desired conclusion will follow from
the previous lemma once we have shown that fn is a full element for all n ∈ N. Let us
fix n ∈ N and let I denote the closed two-sided ideal generated by fn. Let us suppose
for the sake of contradiction that I 6= A. In A/I, we have that δna 6 en+1, where
a, en+1 ∈ A/I denote the images of a and en+1. This implies that 0 is an isolated point
of the spectrum of a, which in turn implies that A/I contains a non-zero projection.
But this contradicts the assumption that A is projectionless. Thus, fn is full for all
n ∈ N. 
3. Proofs of Theorems 1.2 and 1.3
Definition 3.1. Let A be a C*-algebra. Let us say that A almost has stable rank one
if for every closed hereditary subalgebra B ⊆ A we have B ⊆ GL(B∼).
Corollary 3.2. Let A be a Z-stable projectionless C*-algebra. Then A almost has
stable rank one.
Proof. This follows from Theorem 1.1 and the fact that x + λ · 1 is invertible if x is
nilpotent and λ ∈ C\{0}. 
Before proving Theorems 1.2 and Theorem 1.3, let us introduce notation and make
some preparatory remarks.
Let A be a C*-algebra. Let us denote by QT2(A) the cone of lower semicontinuous 2-
quasitraces on the C*-algebra A. A lower semicontinuous 2-quasitrace τ ∈ QT2(A)
induces a dimension function dτ on the positive elements of A given by dτ (a) =
limn τ(a
1/n) for a ∈ A+. The value of dτ on a depends only on the Cuntz class of
a.
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Let a, b ∈ A+. If A has stable rank one, then a - b if and only if aA embeds
as a Hilbert C*-module over A in bA and a ∼ b if and only if aA is isomorphic to
bA. This was first shown in [CEI08, Theorem 3] using the language of Hilbert C*-
modules. It was later re-proven using positive elements in [CES11, Proposition 1] and
[Lin10, Proposition 1.5]. By inspecting the proofs in [CEI08] and [CES11], it can be
seen that they rely only on the fact that B ⊆ GL(B∼) for every σ-unital hereditary
suablgebra B of A. Thus, we arrive at the following proposition:
Proposition 3.3. Let A be a C*-algebra. Let a, b ∈ A+. Suppose that A almost has
stable rank one. Then a 4 b if and only if aA →֒ bA and a ∼ b if and only if aA ∼= bA.
Let a ∈ A+. The Cuntz semigroup element [a] is called compact if it is compactly
contained in itself; i.e., [a] ≪ [a]. It is shown in [BC09] that if [a] is compact then
either 0 is an isolated point in the spectrum of a or A contains a scaling element
(see [BC09, Lemma 3.1 and Proposition 3.2]). In either case, A contains a non-zero
projection. It follows that if A is projectionless and a ∈ A+ then neither [a] not its
image after passing to a quotient of A can be a non-zero compact element. Thus, [a] is
a purely non-compact element in the sense of [ERS11].
Proof of Theorem 1.2. The equivalence if (i) and (ii) and the fact that Cuntz equiva-
lence implies isomorphism of the right ideals generated by a and b, follow from Corollary
3.2 and Propoposition 3.3. The implication (i)⇒(iii) is well known. Finally, let us show
(iii)⇒(i). As it was argued in the previous paragraph, every non-zero positive ele-
ment of A gives rise to a purely non-compact element of Cu(A). But it is shown in
[ERS11, Theorem 6.6] that if A is Z-stable and [a] and [b] are purely non-compact
elements such that dτ(a) 6 dτ (b) for any τ ∈ QT2(A) then [a] 6 [b]. This concludes
the proof. 
Proof of Theorem 1.3. The implications (i)⇒(ii)⇒(iii) are clear. Let us prove (iii)⇒(i).
By the previous proposition, [(a − t)+] = [(b − t)+] for all t > 0. By the classification
result [RS10, Theorem 1], (i) will follow once we have shown that for every x, e ∈ A,
with e a positive contraction such that ex = xe = x, the elements x∗x+ e and xx∗ + e
are stably approximately unitarily equivalent. It is shown in [RS10, Proposition 4 (i)]
that C*-algebras of stable rank one have this property. Exactly the same proof applies
to the case that A is Z-stable and projectionless, since all that the proof uses is the
almost stable rank one property defined above. 
It is not true that a Z-stable projectionless C*-algebra must have stable rank one.
It is worth noting, however, that in [San12] Santiago shows that tensoring an approxi-
mately subhomogeneous C*-algebra by the Jacelon-Razak algebra results in a (Z-stable,
projectionless) C*-algebra of stable rank one. The following question remains open:
Question 3.4. Let A be simple, stably projectionless, and Z-stable. Is A of stable rank
one?
In view of Rordam’s [Rør04, Theorem 6.7] asserting that a finite simple unital Z-
stable C*-algebra has stable rank one, the answer to the above question is most likely
positive.
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